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We study one-dimensional topological SN and SNS long junctions obtained by placing a topological 
insulating nanowire in the proximity of either one or two SC finite-size leads. Using the Majorana 
Polarization order parameter (MP) introduced in Phys. Rev. Lett. 108, 096802 (2012), we find that 
the extended Andreev bound states (ABS) of the normal part of the wire acquire a finite MP: for 
a finite-size SN junction the ABS spectrum exhibits a zero-energy extended state which carries a 
full Majorana fermion, while the ABS of long SNS junctions with phase difference n transform into 
two zero-energy states carrying two Majorana fermions with the same MP. Given their extended 
character inside the whole normal link, and not only close to an interface, these Majorana- Andreev 
states can be directly detected in tunneling spectroscopy experiments. 

PACS numbers: 73.20.-r, 73.63.Nm, 74.45.-l-c, 74.50.-|-r, 
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I. INTRODUCTION 

Majorana fermionic states have received a lot of 
interestii^ especially because of their exotic properties 
such as non-Abehan statistics that open the perspec- 
tive of using them for quantum computation.^ However, 
while the observations of some recent experiments are 
consistent with the existence of a topological phase, ^^ 
a direct unambiguous detection of the Majorana states 
is still lacking. A system which is expected to exhibit 
such states consists of a semiconducting wire with strong 
spin-orbit coupling (such as InAs or InSb^) , in the pres- 
ence of an applied Zeeman field and in the proximity of 
an s-wave superconductor (SC)ji^iiiS The properties of this 
system have been extensively studied for an homogeneous 
SC J^— However, the Superconductor-Normal (SN) and 
the Superconductor-Normal-Superconductor (SNS) long 
junctions have received less attention. ^^^^ Most of the 
work on SNS junctions has focused on short Josephson 
junctions dominated by the fractional Josephson effect: 
the Josephson current has a Air periodicity, instead of the 
usual 27r, and the energy of the Andreev bound states 
(ABS) goes to zero at (^ = 7r.9^io,i6,22 30 

Here we focus on topological SN and SNS long junc- 
tions, in order to study the localization of Majorana 
states and especially the interplay between the Majorana 
states and the ABS. While it is rather difficult to obtain 
analytical solutions for the ABS in this setup, a numerical 
diagonalizationi^"— of the corresponding tight-binding 
Hamiltonian allows us to uncover the main physics of 
these systems. An important tool in this endeavor is the 
Majorana polarization, a local topological order param- 
eter introduced in Ref. [l5l . 

For a finite NS junction we find that a localized Majo- 
rana state forms, as expected, at the exterior edge of the 
SC while its Majorana partner does not form at the NS 
interface, but gives rise to a bound state which is delo- 
calized over the entire non-SC section of the wirei^^'— 
The energy of this state is fixed to zero, independently 



of external parameters such as the gate voltage, which 
appears to indicate that this state arises from a modified 
ABS. In order to further investigate this possibility, we 
focus on a long finite SNS junction where the energy of 
the ABS can be modified by imposing a phase difference 
(j) between the two SCs. We find that the two Majorana 
polarizations (or pseudo-spins) at the two outer ends of 
the SCs rotate with respect to each other when (j) is mod- 
ified: they are antiparallel at (/) = and become parallel 
at (/) = TT. Since the total Majorana polarization in the 
system is conserved, the excess of Majorana polarization 
must be carried by the extended ABS-like states in the 
normal region, whose energy depends on (j). When (j) = ir 
we indeed find that a zero energy state is formed, carry- 
ing exactly two Majorana fermions. We call this state a 
Majorana- Andreev bound state (MABS). 



Based on our analysis we propose a direct method to 
detect these MABS using tunneling spectroscopy. Their 
Majorana character can be tested by their robustness 
at zero energy with respect to the applied gate voltage, 
along the lines of,^^'^^ while their Andreev character can 
be inferred from the dependence on phase. ^^^^^ Such ex- 
periments should not be far from feasible (for example 
using semiconducting wires), in particular for SN junc- 
tions (preliminary results have been presented for such 
junctions by the Kouwenhoven group^^). Moreover, they 
should have more significant results than a measurement 
of the Josephson current, for which the Majorana effects 
can be quite subtle j^s^ 



The outline of the paper is as follows. In Sec. [Ill we 
introduce the model for the long NS and SNS junctions. 
The LDOS and the Majorana polarization are computed 
for NS and SNS junctions respectively in Sec. IIIII and 
Sec. [iVl. In Sec. [Vlwe propose an experimental setup to 
detect directly these MABS. We conclude in Sec. IVIi 



II. MODEL 



Our starting point is a semiconducting nanowire with 
strong Rashba spin-orbit (SO) coupling. ^^^^^ In the pres- 
ence of a Zeeman magnetic field and in proximity of a 
SC, such a wire has been shown to exhibit end Majorana 
fermionic states ^i^*^ We focus on using such a wire to 
make SN or SNS long junctions (See Fig. [1]). The super- 
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FIG. 1. Scheme of the proposed setups : a) a semiconducting 
nanowire placed partially on the top of a s-wave SC b) a 
semiconducting nanowire deposited on both ends on s-wave 

SCs. 



conductivity is induced only in the sections of the wire in 
contact with the superconductors. To be able to perform 
a numerical analysis of this system, we model it as a ID 
tight-binding chainii 



N 

^ = ^ [(t - M^i + yzc\(JzCi 

i 

- (2^^2+1 + h.c.) - {i-c\(jyCi^i + h.c.) 

Ni N 

+ Y^ Aie^^^QtCi; + h.c. + Yl Ase^^^QtCi; + h.c. 

i=l i^N-Ni + l 

(1) 



where N is the total number of sites, ay and a^ are Pauli 
matrices which act in the spin space, ja is the chemical 
potential, Vz the Zeeman field, A1/2 is the induced SC 
pairing and a the SO coupling. We assume a perfect 
transmission of the junction(s) except in Fig. [2]b) and 
[5l For the NS junction depicted in Fig. [Da), we took 
A2 = 0, Ni = 80 and TV = 100. For the SNS junction 
depicted in Fig. [Hb), we took Ai = A2 = A, A^ = 100 
and Ni =40. We have checked that our results remain 
unchanged for much larger lengths of the SC wires (in the 
regime of parameters we are working with, the spin-orbit 
length ^so is much smaller than the length of the SCs 
(Nia)). The length of the normal part has been chosen 
such that a small number (typically a pair) of ABS is 
formed within the energy range of A. We fix the SC 
phase of the first SC to 0i = and we vary ^2 = ^- We 
work in unit of t = 1, and the lattice constant a is also 
taken to be equal to 1. 

We focus on two quantities namely the local density 
of states (LDOS) and the local MP along the x-axis and 



AN 

n^(^) = E E ^(^ - ^j)^«sf^is) (3) 

4N 

n{^) = E E ^(^ - ^.)2im«,/3^;,) (4) 

where (a;^. , jSL^ a;^, , /3^| ) are the components of the wave 
function on site i for the j^^ eigenstate of the system 
in the (cL, q^, c], , q^) basis. An exact digonalization 
of the Hamiltonian ([T|) allows us to evaluate these two 
quantities. We focus on the limit when the system is in 
the topological phase by chosing Vz = 0.4, A = 0.3, /i = 
0, and a = 0.2. A finite width for the delta functions is 
introduced in the numerical evaluations responsible for 
the finite width of the peaks in the LDOS and MP. Here 
we take it to be O.OOOOlbhvF/d (except in Fig. [3] where 
the width is equal to 0. 0002 hv f /cl)- 



III. RESULTS FOR THE NS JUNCTION 

We first remind the reader that in a topological SC wire 
the spectrum shows two zero-energy Majorana states lo- 
calized at the two ends of the wire; these two states have 
opposite MP. The first question that we want to address 
is how this picture is modified in SN junctions. By diag- 
onalizing the Hamiltonian of this system we find that its 
spectrum also exhibits two zero-energy modes. In Fig. [2] 
a) we plot the zero-energy Majorana polarization as a 
function of position. We see that indeed a MP peak is 
formed at the left end of the topological SC, whose inte- 
gral is equal to —1.^^ The second zero-energy state does 
not correspond to a localized mode,^'^^^^ but to a Ma- 
jorana state uniformly extended over the entire normal 
section of the wire.^^ Note that if the normal section of 
the wire is non-topological, this second Majorana is lo- 
calized at the SN interface, on the SC side.^^ Moreover, 
if the coupling between the SC and the normal wire is 
small, the Majorana mode also becomes localized at the 
SN interface (see Fig. [2]b)). We have checked that the 
integral of the MP for this state is equal to 1, exactly 
canceling the MP of the edge mode (the total MP has to 
be conserved and equal to zero). 

This state is remarkably robust; we have checked that 
its energy and its MP do not depend on different pa- 
rameters in the system such as the gate voltage, and the 
Zeeman field. Thus, in Fig. [2] c) we plot the LDOS in 
the normal sector as a function of energy and applied 
chemical potential. We see that the zero-energy peak 
is unchanged as long as one remains in the topological 
phase, but it splits into two peaks when the system ex its 
the topological phase {jjl > jl where jl = \/V^ — A2)3 



In Fig. [2] d) we observe a similar behavior for the de- 
pendence with the Zeeman field (here the system exits 

^) in 



li- 



the topological phase when Vz < Vz = \/A^ 
agreement with preliminary results presented for a simi- 
lar setup by the Kouwenhoven group j^ 
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FIG. 2. a) The Majorana polarization at zero energy as a 
function of position, b) The Majorana Polarization at zero 
energy as a function of position when the coupling between 
the SC and the normal wire is small t' — t/2. c) The LDOS 
(averaged over a few normal sites) as a function of energy 
and chemical potential, d) The LDOS (averaged over a few 
normal sites) as a function of energy and Zeeman field. The 
white dashed line corresponds to /2 and Vz. 



IV. RESULTS FOR THE SNS LONG JUNCTION 

The nature of this extended Majorana state is intrigu- 
ing: it seems that an ABS gets pinned to zero in the topo- 
logical phase, giving thus rise to an extended MABS. In 
order to clarify the nature of this state, we study a SNS 
junction such as the one depicted in[T]b). For this setup 
the energy of the ABS can be controlled by modifying 
the phase difference (j) between the two SCs. The LDOS 
and the MP along the x-axis are plotted in Fig. [3] for 
^ = and = TT (in these two configurations the MP 
has no y-component). We can see that for both ^ = 
and (f) = TT two zero-energy states are formed at the two 
outer edges of the SCs. When </) = the MPs of the two 
end-states are opposite, however, when (/) = tt the two 
MPs are oriented in the same direction. The integral of 
the MP of these states is respectively —1 and 1 for ^ = 0, 
and —1 for both states at = tt. 

As expected, we also observe the formation of ABS in 
the normal link. In a non-topological SNS junction, the 
evolution of the ABS with the phase difference follows a 
standard sinusoidal dependence. ^^^^^^^^ For the topologi- 
cal system described here, the energy of the ABS is also 
affected by the phase difference, in particular we see that 
at ^ = TT the energy of the ABS goes to zero, consistent 
with previous observations.— li^i^Si^J Most interestingly, 
we find that the ABS acquire a finite Majorana polar- 
ization, which is uniformly distributed along the normal 
link, and whose integral at = tt is exactly equal to 
2.— This implies that the zero-energy ABS is a Majo- 
rana state: an extended MABS. A similar observation 
has been made for the states at the interfaces in short 
junctions. ^^^^^'^^ However, we claim here that in long SNS 
junctions, localized Majorana states do not form at the 
interfaces, but instead that the extended ABSs become 
uniformly Majorana polarized at = tt. 

We have checked that at ^ = tt there are indeed four 
zero-energy Majorana modes in the spectrum. Moreover, 
we have verified that the wave function of the zero-energy 
states has the form a{cl. + c^), satisfying the Majorana 
reality condition. On the other hand, if the SC phase 
difference is different from zero and tt, the non-zero en- 
ergy ABS carry a fractional MP and are a mixture of 
Andreev and Majorana (having non-zero components for 
all four electron/hole, spin up/down components of the 
wavefunction) which continuously interpolates between a 
fuh Majorana {(j) = tt) and a fuh Andreev state (^ = 0). 

At (/> = TT, when the two Majorana states at the outer 
edges have parallel pseudospins and a MP of —1, the 
central ABS gets a MP of 2, in order to keep the total 
MP of the wire to zero. In Fig. |4] we plot the x-axis 
and y-axis MP as well as the norm of the MP vector 
as a function of (j) for the right-end mode (integrated 
over the entire peak), and the Majorana polarization of 
the ABS (integrated over the entire normal part). The 
left-end Majorana pseudo-spin does not move since the 
phase of the left SC does not change. We can clearly 
see that the MP vector of the right mode rotates when 
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FIG. 3. LDOS (a) and x-axis MP (b) for = and LDOS 
(c) and X-axis MP (d) for = tt as a function of energy and 
position. Note the zero energy states on the exterior ends of 
the SCs which have equal MP at = tt and opposite MP at 
= 0. Note also the finite MP of the ABS at zero-energy for 
= TT. Note finally that the effective gap in the SC part is 



varying (j) (the phase difference between the SCs is equal 
in our convention to the angle of rotation (j) described 
in Fig. m c) , thus for = and = tt the Majorana 
polarization along the y-axis is zero). To compensate for 
this, the central ABS acquires a finite MP, maximal when 
the phase difference is (/) = tt. A schematic picture for 
this phenomenon is presented in Fig. |4]c). 

We have also performed a detailed check of the de- 
pendence of the energy of the ABS on (j). In Fig. [5] 
we have plotted the LDOS in the normal section as a 
function of the energy and the phase difference when 
the wire is both in a non-topological (a) and topologi- 
cal phase (b). We can see that, consistent with previous 
observations, ^^^^^^^^^^^ while in the non-topological phase 
a gap at (/) = TT can be easily opened by external param- 
eters such as the gate voltage, etc., in the topological 
phase the energy of the ABS is always zero at = tt, 
and the height of the zero-bias peak is doubled with re- 
spect to that of the ABS peaks at other values of (j). The 
crossing of the ABSs at ^ = tt is consistent with the frac- 
tional 47r periodic Josephson effect previously described 
for short SNS j unctions ii^i^^ 



V. EXPERIMENTAL CONSEQUENCES 

Before discussing our experimental proposal, we stress 
the importance of the extended character of the Majo- 



FIG. 4. Majorana polarization along the x-axis (black), y- 
axis (red) and the norm of the MP vector (blue) integrated 
over the right-end Majorana (a) and over the ABS (b). c) 
Schematic picture of the Majorana pseudo-spin rotation as a 
function of the phase difference. 





FIG. 5. The LDOS in the normal link exhibiting ABS peaks as 
a function of energy and phase difference in a non-topological 
(a) and topological (b) state. We take Vz — 0.4, A = 0.3, 
a = 0.2, and /x = in the topological state and Vz = a = 0, 
A = 0.3, and fi — 1 in the non-topological state. For clarity 
we have chosen to open a gap at = and = 27r between 
the two first ABS by changing the SN coupling at the two SN 
interfaces {t'^ = 0.85 and t'ji = 1.15). 



rana states described here. This should make one able to 
observe them directly spectroscopically, either by STM 
or by using a weakly coupled normal probe, without the 
constraint of having to position a real STM tip close to 
an interface, which may be practically delicate. More- 
over, such an extension of the Majorana state across the 
whole normal link of a SNS junction makes them easier to 
manipulate, and eventually use for q-bits: as such, these 



devices are easily scalable towards a Majorana network, 
since the junctions do not need to be similar. Besides, 
the Majorana pseudo-spin of these states can be easily 
changed by varying the SC phase, giving us an extra 
handle to play with such states. 

We claim that the detection of a zero-energy peak at 
^ = TT in the spectrum of the normal long link would 
constitute a direct measurement of the Majorana states, 
provided two conditions are satisfied: i) the hybridization 
of the Majorana and the Andreev states into Majorana- 
Andreev extended states, which can be checked experi- 
mentally by studying the variation of the ABS with the 
phase difference between the two SCs; ii) the robustness 
of the zero-energy state with respect to various parame- 
ters in the model such as the gate voltage and the mag- 
netic field. We believe that one of the easiest and most 
significant tests would consist of a measure of the LDOS 
as a function of energy and the chemical potential (gate 
voltage) along the lines of Ref. 31. Notice that this gate 
needs to act on both the SC and the normal sections. In 
Figs. [6] and [3 we present the theoretical prediction for 
the LDOS in such a measurement. 





FIG. 6. The LDOS as a function of energy and chemical 
potential for = tt (a) and = (b). Note that at = tt 
the zero-energy ABS is independent of the gate voltage until 
the system exits the topological phase ii > jl — \JVz — A^ 7^ 
0.265 (White dashed line). An extra local gate voltage of 
Vg — —0.3 is introduced here solely on the normal wire to 
avoid getting close to the bottom of the normal state band 
structure; the Vg — ^ case is presented in Fig. [71 Note also 
that the transition does not occur exactly at \i but at a slightly 
shifted value, due to the applied gate voltage on the N part. 



Indeed, for ^ = tt, the position and the amplitude 



FIG. 7. The LDOS in the normal part of the long SNS junc- 
tion as a function of energy and chemical potential for = tt 
(a) and = (b). Here the chemical potential of the normal 
section and the SCs is identical which means that the applied 
gate voltage on the N part is Vg = 0. The white dashed line 
corresponds to \i. 



of the zero-energy state are not affected by increasing 
the chemical potential up to a value of /i = /i where 
/i = \/V'^ — A^ '^ 0.265 corresponding to the transition 
into a non-topological phase. ^^ When jii > jj. we recover 
the well known situation for which the ABS oscillate with 
the chemical potentia L^^i^^ For much larger chemical po- 
tentials the bottom of the band structure becomes ap- 
parent (the very bright signature on the top right corner 
of both plots in Fig. [7j). In order to probe a larger scale 
of /i and to observe the classical oscillation of the ABS in 
the non-topological phase, in Fig. [6] we have considered 
a non-zero gate voltage Vg = —0.3 which acts indepen- 
dently on the normal section of the nanowire. 



VI. CONCLUSION 

We have shown how the extended ABS become MABS 
in long SN and SNS junctions. For SNS junctions we have 
discovered that the direction of the Majorana pseudo- 
spin can be controlled by changing the phase difference 
between the two SCs. The conservation of Majorana po- 
larization implies that the ABSs in the normal link be- 
come Major ana-polarized and carry exactly two Majo- 
rana fermions with the same MP when the phase differ- 
ence is equal to tt. These zero-energy Major ana- Andrev 
bound states are extremely robust with respect to modifi- 



cations of various parameters in the system. We propose 
that a spectroscopic detection of such a zero-energy state 
along the hues of,^^ correlated with a measure of its phase 
dependence and with a test of its robustness with respect 
to the chemical potential constitutes a direct detection of 
a Majorana fermionic state. 
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